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Abstract

Fixed Point Theory stands as a cornerstone of modern mathematical analysis with diverse applications ranging
from pure mathematics to applied sciences and economics. This paper explores the classical foundations of
fixed point theorems including Banach, Brouwer, and Schauder results, while also highlighting contemporary
developments and interdisciplinary applications. Emphasis is laid on mathematical modeling, algorithm
design, and economic equilibrium problems. This study aims to provide a comprehensive overview and
stimulate further research in fixed point-based methods across disciplines.
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1. Introduction

Fixed point theory is a significant branch of mathematical analysis dealing with the existence and properties
of points that remain invariant under certain mappings. Over the decades, it has evolved into a powerful tool
applicable in various domains such as economics, engineering, biology, and computer science. The concept,
rooted in intuitive geometric ideas, was formalized by foundational theorems such as the Banach Contraction
Principle and Brouwer’s Fixed Point Theorem.

2. Banach Fixed Point Theorem

The Banach Fixed Point Theorem, also known as the contraction mapping theorem, guarantees the existence
and uniqueness of fixed points of certain self-maps on complete metric spaces. This result is not only elegant
but also constructive, enabling iterative approximation of the fixed point.

3. Brouwer and Schauder Theorems

Brouwer’s theorem asserts that any continuous function from a convex compact subset of Euclidean space to
itself has a fixed point. Schauder’s extension applies to infinite-dimensional normed spaces, making it relevant
for functional analysis and differential equations.

4. Applications in Mathematics and Computer Science

Fixed point theory is central to the solution of nonlinear equations, optimization problems, and iterative
algorithms. In computer science, fixed point semantics is vital in program analysis and functional
programming.

5. Economic and Game Theoretic Applications

In economics, fixed point theorems underlie equilibrium theories, notably in Nash equilibria and general
equilibrium models. The results offer mathematical assurance of the existence of equilibria under specific
assumptions.
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6. Modern Research Trends

Recent research in fixed point theory explores its use in fractal analysis, machine learning algorithms,
dynamical systems, and variational inequalities. Generalizations include multi-valued maps and fuzzy fixed
points.

7. Challenges and Open Problems
Despite its wide applicability, fixed point theory faces challenges in non-metric spaces, non-continuous
mappings, and computational feasibility. These areas continue to attract theoretical investigation.

8. Conclusion
Fixed point theory remains a dynamic and expanding field. Its classical theorems serve as foundations for
modern mathematical tools. The ongoing interdisciplinary applications indicate a promising future for further
advancements.
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