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Optimizing The EOQ With Constant Demand
Rate And Service (Process) On The Item In The
Inventory System Before Selling.

Prashant Vaghela e Dr. Chirag J. Trivedi?

Abstract:

In real life it is seen that when ordered quantity arrives in the inventory, it requires some process like
packaging, labelling or assembling. Therefore, this service takes some time and it increases the holding
cost if service cost is negligible. But that service must be complete before customers arrive to the shop.
Our model provides the condition on quantities so that the minimum cost can be obtained and if we can
reduce the service time by increasing service by increasing persons or facilities, the total cost goes near to
cost of classical EOQ model.
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1. Introduction

Inventory control is the process of managing and regulating the storage, flow, and distribution of stock
within an organization. It ensures the right products are available in the right quantities, at the right time,
to meet customer demand while keeping costs under control. Demand refers to the number of units
withdrawn from inventory to meet customer or production needs; when shortages or delays occur and
demand cannot be met, it results in a lost sale. To control stock levels and reduce the risk of shortages,
organizations generally use one of two inventory review systems. The first one is fixed order quantity
system or continuous review systems and second is periodic review system.

Inventory model is a mathematical model which helps the business to optimize the inventory to be held
in the warehouse to maintain production process or fulfil the demand for the raw materials, intermediate
goods, finished products, and spare parts in different constraints. The components of inventory models are
demand, purchase (or production) costs, carrying (or holding) costs, ordering (or set-up) costs, shortage
(or stock out) costs, Lead time, order cycle, stock replenishment, re-order level, buffer stock, revenue,
salvage cost, discount rate, and so on. The order cycle is the time period between two successive
replenishments. The time delay between placing an order and receipt of delivery is called delivery lag or
lead time. The reorder level (ROL) is the inventory level at which one should place the new order or start
a production.

It is obvious that when people are going to by any item, demand is there and as demand is there queue
is there. If people arrive too frequently and because of finite capacity of server customer have to wait until
they are served. Which makes a queue. Including all such terms we have a new term which is known as
“Queuing system”. If it is known, how many customers can be served at a time, we can specify the
distribution of service time. In the most situation the service time is random variable and having the
distribution for all arrivals. If the average number of arrivals exceeds the maximum average service rate
of the system, as time goes customers will not be served any how at some time point and hence to get
steady state condition we must have, 4 < u for one server in the system and A < cu for ¢ servers in the
system.

In classical inventory models, the customer is served immediately by providing the item on his arrival
and he leaves the place. That item is depleted and can be considered as the arrival of the customer. Also,
depletion starts immediately when replenishment is done. But in some cases, like a car, depletion does not
start immediately when it reaches the warehouse but some services need to be done on it. This is known
as service time. If there are q items in inventory with the service rate u then after completion of service
all these items are going to start depleting form the inventory. As customer should not wait and hence, we
don’t want any queue, the service rate must be larger than arrival rate. It can be also shown that, when the
service rate increases and tends to infinity, we get the classical EOQ model.
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2. Literature review

Karush (1957) showed that inventory with random demand and lead times can be modelled as a queuing
system. Berman O., Kaplan E.H., and Shimshak D.G. (1993) considered the inventory during the
provision of service and inventory depleted according to the demand rate when there are no customers
waiting in the queue and when customers are waiting in a queue it is depleted according to service rate.
Edward A. Silver (1976) worked on the quantity received from a supplier may not match the quantity
ordered—due to defects, shortages, shipping issues, etc. Silver's extended Economic Order Quantity
(EOQ) model tackles this by considering that only the mean and standard deviation of the received amount
matter in determining the optimal order quantity. Ha (1997) worked on single-item make-to-stock
production system and considered poison demand and exponential production times and used an M/M/1/S
queuing system for modeling the system. M. Schwarz, C. Sauer, H. Daduna, R. Kulik, R. Szekli (2006),
analysed the queuing with inventory. They considered M/M/1 systems with inventory under continuous-
review and different inventory management policies with lost sales. Arda and Hennet (2006) analyzed
inventory control of a multi-supplier strategy in a two-level supply chain with random arrival for
customers and random delivery time for suppliers, the system was represented as a queuing network.
Isotupa (2006), considering a lost sales (s, Q) inventory system with two customer groups, they illustrated
the model by Markov processes. Jung Woo Baek and Seung Ki Moon (2014), provides a queueing-
theoretic model for production-inventory systems with lost sales, develops exact analytical results for
performance evaluation, and offers managerial insights into balancing production, inventory levels, and
customer service. Seyedhoseini et al. (2015) applied queuing theory to propose a mathematical model for
inventory systems with substitute flexibility. Krishnamoorthy, A., Manikandan, R., Lakshmy, B. (2015b)
worked on queueing-inventory model and demonstrated that how positive service time affect performance
and cost in integrated queueing and inventory systems.

3. Notations and Assumptions for the model:
The model is developed under the very stringent assumption and the notations used for the derivation
are as under:
e (= the order quantity
q* = Economic order quantity to be determined.
C3 = Replenishment cost per order which is known and constant
Ci = Holding cost per unit per unit time which is known and constant
L = Lead time which is zero.
The stockout cost is zero.
A = Demand rate is constant and known

i = Total Service time to serve q items.

T = Total Cycle time.

The time horizon if infinite.

TC(q) = Average total cost per cycle
The replenishment rate is infinite

Consider the following figure. Where inventory has taken time % for the process to be done on all items

before it starts for depletion. After the time i items are depleted at the rate of A and the inventory becomes

zero at time T.
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4. The Mathematical Model:

\/

When the ordered quantity arrives at the inventory it takes some time for packing each item or labelling
each item or do some required process on each item before put all for selling. In each order the quantity g
is ordered and it is assumed that this processing or service rate is . That is total time taken for service

will be L.
u

Because of service time, the items stay in the system before the selling and stay in the inventory by the
service time %, which affects the inventory depletion rate. Therefore, the Inventory level at any time ¢,
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Where the total cycle time is % + % and attime T, I(T) =q — AT =0

Thus, the average inventory during time interval [0, T] will be,
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AsT = M+Awe have T = q(lﬂ)andhence we have,
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Average total cost per unit time = holding cost of average inventory per unit time + ordering rate
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Now TC(q) will be minimum if @ = 0 and its solution
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It can be shown that >
dt

> 0 and hence TC(q) is minimum at q*,
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Thus, we have average total cost per unit time is,

TC(q) =
o u+ 21 |22uC Gy N Al (u+21)C,C5
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q) = 103 "
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1
As M — 0, we have,

. |2ac

TC(q) =/ 21C1€3

Which is Q* and Total variable cost (TVC) for the classical EOQ model for the inventory.

And

5. Sensitive Analysis
In our model customers arrive as the demand rate A and there will be no waiting for any customer and
hence we must have the condition,

That is,

To check the effectiveness and utility of the current model along with the theoretical theory when we
take the ratio of the quantity obtained by the current model to the quantity obtained by the basic EOQ
model it tends to 1 as the service time tends to zero. That is, if we ignore the service time, it becomes the
EOQ mode.

Inventory with service will have more total variable cost than the total variable cost in classical
inventory because of service time and hence holding cost. If we reduce the service time by increasing
service persons or facilities, we will have no difference between our model and classical inventory model.
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6. Hypothetical Numerical Example:

If the supply per year of the product is 12,000 units and the demand is fixed and known then the demand
rate will be 33 units per day. If the inventory holding cost is Rs. 0.20 per unit per month and the ordering
cost per order is Rs. 350, the optimal quantity, that is

0 = 2RC3

And the total minimum cost per day, that is total variable cost will be,
TVC = ,/2C,C3R = 67.9705 Rs. Per unit time.

= 339.8529 items per cycle

1

In the above example if we consider the arrival rate is equals to demand rate then for the different
service rate sensitivity analysis can be obtained as under:

For the fixed values of C; = 0.2 and C; = 350

A i 118 q q/Q" TC(q)
33 [ 2000 |60.60606 | 334.3804 | 1.016366076 | 67.96163
33 [ 3000 |90.90909 | 336.1751 | 1.010940156 | 67.96656
33 | 4000 |121.2121| 337.0833 | 1.008216247 | 67.96831
33 | 5000 |151.5152 | 337.6318 | 1.006578363 | 67.96912
33 [ 10000 | 303.0303 | 338.7369 | 1.003294573 | 67.97021
33 | 15000 | 454.5455 | 339.1077 | 1.002197585 | 67.97042
33 | 20000 | 606.0606 | 339.2935 | 1.001648641 | 67.97049
33 | 25000 | 757.5758 | 339.4052 | 1.00131913 | 67.97052
33 [ 30000 | 909.0909 | 339.4797 | 1.001099396 | 67.97054
33 35000 | 1060.606 | 339.5329 | 1.000942413 | 67.97055
33 [ 40000 | 1212.121 | 339.5729 | 1.00082466 | 67.97056
33 | 45000 | 1363.636 | 339.604 | 1.000733065 | 67.97056
33 | 50000 | 1515.152 | 339.6288 | 1.000659782 | 67.97057

From the above table it can be seen that g*tends to the optimal quantity Q*= 339.8529 which was
obtained by inventory method when the service time % tends to zero. Also, it can be seen that the
total cost of our model TC(q*) tends to the total variable cost TVC(q*) of the classical EOQ model.

Not only that but if we increase the arrival rate, to approximate the value of g* to Q* we have to
increase the service rate in large scale, which can be seen from the following tables.

For the fixed values of A = 33 we have Q" = 339.8529 and TVC(Q") = 67.97058:

i W q q/Q" TC(q)
11000 | 333.3333333 | 338.8379 | 1.002995513 | 67.97028
12000 | 363.6363636 | 338.9222 | 1.002746229 | 67.97033
13000 | 393.9393939 | 338.9935 | 1.002535248 | 67.97036
14000 | 424.2424242 | 339.0546 | 1.002354371 | 67.97039
15000 | 454.5454545 | 339.1077 | 1.002197585 | 67.97042
16000 | 484.8484848 | 339.1541 | 1.002060377 | 67.97044
17000 | 515.1515152 | 339.1951 | 1.001939296 | 67.97045
18000 | 545.4545455 | 339.2316 | 1.001831656 | 67.97047
19000 | 575.7575758 | 339.2642 | 1.001735336 | 67.97048
20000 | 606.0606061 | 339.2935 | 1.001648641 | 67.97049
21000 | 636.3636364 | 339.3201 | 1.001570196 | 67.9705
22000 | 666.6666667 | 339.3443 | 1.001498877 | 67.97051
23000 | 696.969697 | 339.3663 | 1.001433755 | 67.97051
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For the fixed values of 4 = 35 we have Q* = 350 and TVC(Q™) = 70

i W/ q q/Q" TC(q)
11000 | 314.2857143 | 348.8917 | 1.003176772 | 69.99965
12000 | 342.8571429 | 348.9836 | 1.002912426 | 69.9997
13000 | 371.4285714 | 349.0615 | 1.002688693 | 69.99975
14000 | 400 349.1283 | 1.002496883 | 69.99978
15000 | 428.5714286 | 349.1862 | 1.002330617 | 69.99981
16000 | 457.1428571 | 349.2369 | 1.002185113 | 69.99983
17000 | 485.7142857 | 349.2816 | 1.002056709 | 69.99985
18000 | 514.2857143 | 349.3214 | 1.001942558 | 69.99987
19000 | 542.8571429 | 349.357 | 1.001840412 | 69.99988
20000 | 571.4285714 | 349.3891 | 1.001748471 | 69.99989
21000 | 600 349.4181 | 1.00166528 69.9999
22000 | 628.5714286 | 349.4445 | 1.001589646 | 69.99991
23000 | 657.1428571 | 349.4686 | 1.001520583 | 69.99992

For the fixed values of 1 = 40 we have Q* = 374.1657 and TVC(Q*) = 74.83315

it W q q/Q" TC(q)
11000 275 372.8125 | 1.003629776 | 74.83266
12000 300 372.9247 | 1.003327796 | 74.83273
13000 325 373.0197 | 1.003072204 | 74.8328
14000 350 373.1013 | 1.002853073 | 74.83284
15000 375 373.1719 | 1.002663121 | 74.83288
16000 400 373.2338 | 1.002496883 | 74.83292
17000 425 373.2884 | 1.00235018 | 74.83294
18000 450 373.337 | 1.002219759 | 74.83296
19000 475 373.3805 | 1.002103052 | 74.83298
20000 500 373.4196 | 1.001998004 74.833
21000 525 373.4551 | 1.001902951 | 74.83301
22000 550 373.4873 | 1.001816532 | 74.83302
23000 575 3735167 | 1.001737621 | 74.83303

For the fixed values of A = 50 we have Q* = 418.33

and TVC(Q*) = 83.666

i W q q'/Q" TC(q)
11000 220 416.4414 | 1.004535171 | 83.66515
12000 240 416.5978 | 1.004158022 | 83.66528
13000 260 416.7303 | 1.003838786 | 83.66539
14000 280 416.8439 | 1.003565074 | 83.66547
15000 300 416.9425 | 1.003327796 | 83.66554
16000 320 417.0288 | 1.003120132 | 83.6656
17000 340 417.105 | 1.002936864 | 83.66564
18000 360 417.1728 | 1.00277393 | 83.66568
19000 380 417.2335 | 1.002628125 | 83.66571
20000 400 417.2881 | 1.002496883 | 83.66574
21000 420 417.3375 | 1.002378125 | 83.66577
22000 440 417.3825 | 1.00227015 | 83.66579
23000 460 417.4236 | 1.002171555 | 83.66581
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7. Conclusion

When the ordered quantity arrives at the place, some processes like labeling, assembling, packing etc.
are performed on it. Only after that items are ready to sell. But here it is assumed that the service rate
should be that much heigh so that before arrival of any customer all items must be ready to sell. As during
the service, items are in the inventory holding charged is applied during the service time of all items and
hence the total holding cost will be increased than the holding cost in the classical EOQ model. If we can
increase service rate, that is if we can decrease the service time as much as possible the new model
becomes the classical EOQ model of the inventory.
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